We analyze two-color spatially localized nonlinear modes formed by parametrically coupled fundamental and second-harmonic fields excited at quadratic ͑or (2) ) nonlinear interfaces embedded in a linear layered structure-a quadratic nonlinear photonic crystal. For a periodic lattice of nonlinear interfaces, we derive an effective discrete model for the amplitudes of the fundamental and second-harmonic waves at the interfaces ͑the so-called discrete (2) equations͒ and find, numerically and analytically, the spatially localized solutionsdiscrete gap solitons. For a single nonlinear interface in a linear superlattice, we study the properties of two-color localized modes, and describe both similarities to and differences from quadratic solitons in homogeneous media.
I. INTRODUCTION
The physics and applications of photonic band-gap materials ͑or photonic crystals͒ have been an active topic of research for more than a decade ͓1͔. The next step in application of photonic crystals is to create tunable band-gap materials where the gap can be controlled by an external parameter. One of the recent suggestions ͓2͔ is based on the inverse opal structure-a microscopic lattice of spheres of air surrounded by silicon-with a layer of liquid crystal material that can make the transmission properties programmable by applying an electric field. Continuous temperature tuning can also be realized in liquid crystals ͓3͔ and in semiconductors with sufficiently high free-carrier densities ͓4͔.
Another important idea applicable to creating dynamically tunable band gap materials for switches and transistors operating entirely with light is to employ their nonlinear properties, thus creating nonlinear photonic crystals. The concept of nonlinear photonic crystals, defined as having a spatially periodic nonlinearity, was introduced by Scalora et al. ͓5͔ in a numerical study of ultrafast optical switching and limiting in cubic nonlinear Kerr materials. However, such a structure was already investigated by Larochelle et al. four years earlier ͓6͔. Bistability and localized modes in photonic superlattices with embedded layers possessing nonresonant cubic ͑or Kerr-type͒ nonlinearities have also been discussed in the literature ͓7͔. Recent advances in the so-called cascaded nonlinearities ͓8͔ demonstrate an effective way to lower the switching power by employing parametric interaction and frequency conversion in noncentrosymmetric quadratic nonlinear optical materials. Parametric interactions are also known to support solitary waves, spatial quadratic solitons ͓9͔, that exist in homogeneous media where spatial localization is induced by two-wave parametric mixing processes between the fundamental wave and its second harmonic. The quadratic nonlinear photonic crystal was introduced as a concept by Berger ͓10͔ in a study of multiwavelength frequency conversion in a plane geometry.
Taking into account the similarities between the localized defect modes in linear inhomogeneous media and nonlinear localized modes in homogeneous media ͓11͔, we wonder if parametric interactions can support localized modes in a variety of photonic band-gap structures with quadratic ͑or (2) ) nonlinearities. The first step in this direction has recently been presented in Ref. ͓12͔ , where we have analyzed secondharmonic generation ͑SHG͒ at a thin, effectively quadratic nonlinear layer separating two ͑generally different͒ homogeneous linear media, and predicted multistability of SHG for both plane waves and localized modes, also describing twocolor localized photonic modes that can be excited at the interface.
The main purpose of this paper is twofold. First, we generalize the results of Ref. ͓12͔ to the case of a thin quadratic nonlinear layer embedded in an arbitrarily stratified periodic linear medium. In particular, we consider a nonlinear defect layer with second-order nonlinear response in a perfectly periodic dielectric structure-a one-dimensional analog of a photonic crystal with a nonlinear impurity. Second, we develop a general formalism for analyzing parametric localized modes in multilayer structures-(2) nonlinear superlattices-and describe two-color localized gap modes supported by a periodic lattice of thin layers with quadratic nonlinearity.
The paper is structured as follows. In Sec. II we present our model that is described by a system of two coupled nonlinear equations for the envelopes of the fundamental and second-harmonic waves. In the stationary case, the solution can be presented as a superposition of the forward-and backward-traveling waves, and this makes it possible to derive an effective system of discrete coupled-mode equations for the wave amplitudes at the layers, the so-called discrete
(2) equations ͑Sec. III A͒. Solutions of these equations for localized nonlinear modes are briefly discussed in Sec. III B, and in Sec. III C we outline the connection between dispersion properties and band-gap structure. Finally, in Sec. IV we consider a generalization of the results of Ref. ͓12͔ to the case of a single quadratic nonlinear layer embedded in a periodic linear medium, and describe a number of new features of the localized modes that appear due to the band-gap structure of the linear spectrum.
II. MODEL
First, we discuss the physical motivation for our model. Let us consider an interface between two semi-infinite bulk optical media with inversion symmetry. The interface layer breaks the symmetry and therefore it should possess a nonvanishing surface quadratic response ͓13͔ that can be enhanced by a proper coating creating a nonlinear layer with quadratic nonlinearity ͓14͔. Such a layer corresponds to an effective nonlinear defect that can support photonic modes localized at the interface. There exists strong experimental evidence of SHG in this a type of localized photonic mode. For example, recent experimental results ͓15͔ reported SHG in periodic photonic band-gap structures with embedded nonlinear defect layers. An enhancement of the parametric interaction in the vicinity of the defects was observed, suggesting that SHG occurs in localized modes, but is suppressed for propagating modes. The surface nature of SHG was confirmed by comparison of experimental data with the results of direct numerical simulations ͓14͔.
To introduce an analytically solvable model for SHG in localized waves, we follow Ref. ͓12͔ and consider a fundamental frequency ͑FF͒ wave propagating along the Z direction in a linear slab waveguide, as shown in Fig. 1 . We assume that the interfaces ͑or defect layers͒ possess a quadratic nonlinear response, so that a FF wave can parametrically couple to its second harmonic ͑SH͒ wave. The coupledmode equations for the complex envelope functions E j (X,Z) ͑we use jϭ1,2 for FF and SH, respectively͒ can be written in the form
where D j are the diffraction coefficients (D j Ͼ0). In the approximation of infinitely thin interface layers ͑valid when the width of each layer is much smaller than the characteristic transverse scale of the FF and SH wave envelopes͒, we take
where X n denotes the position of the nth nonlinear interface. ␥ j are the nonlinearity coefficients and 0 j (X) and j account for the phase velocity differences in bulk and interface materials.
In order to reduce the number of physical parameters, we normalize Eqs. ͑1͒ as follows: E 1 (X,Z)ϭu(x,z)e i⑀ 01 Z / (D 1 ͱ␥ 1 ␥ 2 ), E 2 (X,Z)ϭv(x,z)e i2⑀ 01 Z /(D 1 ␥ 1 ), where the spatial coordinates are measured in units of D 1 , xϭX/D 1 and zϭZ/D 1 . This gives the dimensionless equations
Here ϭD 2 /D 1 , ␤ j ϭD 1 j , and j (x)ϭD 1 ͓⑀ 0 j (x)Ϫ j⑀ 01 ͔, with ⑀ 01 being the average value of ⑀ 0 j (x). At this point, it is important to note that our system ͓Eqs. ͑1͒ or ͑2͔͒ describes the beam evolution in the framework of the so-called parabolic approximation, valid for the rays propagating mainly along the Z direction. In other words, the characteristic length of the beam distortion due to diffraction and refraction along the Z axis should be much larger than the beam width in the transverse direction X. This leads to the requirement of a shallow grating, ͉⑀ 0 j (x)Ϫ⑀ 0 j ͉Ӷ⑀ 0 j . On the other hand, to make the parametric interaction effective, the mismatch between the phase velocities of the FF and SH waves should be small, 2⑀ 01 Ӎ⑀ 02 . The ratio of the diffraction coefficients is then approximately ϭ 1 2 , and we use this value in the numerical simulations presented below.
For spatially localized solutions, the system ͑2͒ conserves the Hamiltonian
and the total power Pϭ͐ Ϫϱ ϩϱ (͉u͉ 2 ϩ͉v͉ 2 )dx.
III. PERIODIC LAYERED STRUCTURES

A. General formalism
To develop a general formalism for describing stationary, spatially localized modes, we consider an infinite system of uniformly spaced nonlinear interfaces located periodically at the positions x n ϭnh, which separate identical linear layers, j (xϩnh)ϵ j (x). An example of such a structure is shown in Fig. 2 . This type of one-dimensional ͑1D͒ nonlinear photonic crystal ͑NPC͒ can be used to prohibit light propagation along the transverse x axis under certain conditions, resulting in field localization, and it resembles the operation of the so-called photonic crystal fiber in the linear regime ͓16͔. The fundamental properties of NPC can be understood by studying nonlinear localized modes. Such modes appear in the frequency gap of the layered linear structure, and they can be called discrete gap solitons or, in a broader context, intrinsic localized modes ͓11͔.
We search for solutions of Eqs. ͑2͒ in the form
where c j (x) describe the transverse profiles of FF and SH waves, respectively, and the real propagation constants j satisfy the phase-matching condition 2 ϭ2 1 . Then, since the FF and SH fields do not interact in a linear bulk medium, each of them can be presented as a composition of two linear eigenmodes, corresponding to pairs of counterpropagating waves with opposite wave vector components along the x axis. Regardless of the internal structure of a linear layer between nonlinear interfaces, the wave amplitudes at its boundaries can be related by a transfer matrix ͓17͔:
Here, indices Ϯ stand for the waves on the right and on the left of a given nonlinear layer, respectively, and the amplitudes of counterpropagating waves are denoted by a j and b j , as shown in Fig. 3 . In order to calculate the dependence of the matrix elements on the propagation constants, we should solve the corresponding linear problem. For practical applications, NPC can be produced by embedding nonlinear layers in an otherwise linear Bragg grating structure; see, e.g., Ref. ͓14͔ . Thus, we assume that each linear layer consists of several sublayers with a constant refractive index ͑see Fig. 2͒ , i.e., j (x) ϭ j,m for x n,m рxрx n,mϩ1 , where m is used to number the sublayer inside a linear slice (1рmрM ), and we have by definition that x n,1 ϭx nϪ1,M ϩ1 ϭx n ϭnh. Then, the field in the (n,m)th sublayer can be written as
By definition, the amplitudes from Eq. ͑3͒ are a j (n,ϩ) ϭa j (n,1) , a j (nϩ1,Ϫ) ϭa j (n,M ϩ1) , with similar relations holding for b j (n,Ϯ) . Transverse wave numbers can be calculated using the dispersion relations, 1 ϭ 1,m 2 ϩ 1,m and 2 ϭ 2,m 2 ϩ 2,m , together with the phase-matching condition 2 ϭ2 1 . From these expressions we conclude that, in general, for given j the waves can be either localized ͑i.e., j,m is real͒ or propagating ͑i.e., j,m is imaginary͒. Then we notice that the waves in a multilayered linear medium can be determined as linear eigenmodes localized at the sublayer boundaries. First, from Eq. ͑4͒ it follows that the variation of the field amplitude through the mth sublayer of the width h m ϵx n,mϩ1
Ϫx n,m is characterized by the following transfer matrix:
͑5͒
Second, the variation of the wave amplitudes at the boundary can be calculated by applying the field continuity conditions following from the model ͑2͒. Specifically, we equate the amplitudes c j and their derivatives dc j /dx on both sides of the interface, and find the transfer matrix accounting for the field localization at a boundary separating the mth and (m ϩ1)th sublayers,
where t r j,m ϭ j,m / j,mϩ1 . To simplify further analysis, we include all linear properties in the transfer matrix. Then, j,M ϩ1 ϵ j,1 due to periodicity of the underlying grating, and the linear ␦ response is characterized by the following matrix:
where t ␦ 1,m ϭ␤ 1 / 1,m and t ␦ 2,m ϭ␤ 2 /( 2,m ), with m being the index of the linear layer with the delta interface ͑in our case M ϩ1). The total transfer matrix can be then found as a product,
FIG. 2. Slab waveguide from Fig. 1 viewed from the front with indication of the substructure and notation of the identical linear media ͑photonic crystal with M sublayers with different refractive indices͒ in between the (2) interfaces. The separation between the nonlinear interfaces is h. A localized mode centered at xϭ0 is also illustrated.
FIG. 3. Transfer matrix relating the amplitudes at the boundaries of a linear layer, independently for the FF and SH components; see Eq. ͑3͒.
After calculating the matrix elements, we express the field in terms of the mode amplitudes defined at the nonlinear interfaces, c j (n) ϭc j (x n ), combining the relation ͑3͒ with the continuity conditions at the layers, c j (n) ϭa j (n,1) ϩb j (n,1) ϭa j (n,M ϩ1) ϩb j (n,M ϩ1) . Integrating Eqs. ͑2͒ over small intervals including the nonlinear interfaces at the positions x n ͑note that we exclude linear responses, since they are already accounted for in the transfer matrices͒, we derive the socalled discrete (2) equations,
where U n ϭc 1 (n) ͱ͉ 1 2 ͉ and V n ϭc 2 (n) ͉ 1 ͉ are the normalized FF and SH amplitudes at the nth nonlinear layer. Parameters j and j are defined by the matrix elements,
Hereafter, we use the notation T [n,m] ( j)
to denote the matrix element in row n and column m of the matrix T ( j) . It is easy to verify that parameters j and normalization coefficients j are real for any ͑real͒ propagation constants j . A proof of this fact, together with discussion of some other properties of the constructed transfer matrices, is given in Appendix A.
We note that some particular cases of the system ͑9͒ have been discussed earlier ͑but, in fact, never derived in a consistent manner͒ in the analysis of the nonlinear interface dynamics under the condition of Fermi resonance ͓18,19͔, arrays of weakly interacting quadratic waveguides ͓20-23͔, and beam propagation in nonlinear lattices ͓24͔.
B. Discrete gap solitons
Now we use Eqs. ͑9͒ to find the stationary localized modes of nonlinear superlattices, or discrete gap solitons. A similar problem was analyzed earlier in Ref. ͓18͔ in the socalled continuum limit, where the modes become wide and are effectively supported by many interfaces, with the excitation profiles approaching those of quadratic solitons ͓9͔. On the other hand, it has been demonstrated that discrete states in a closed system of few interfaces can have different topologies and possess quite peculiar properties ͓19,20͔. For the case at hand, when the number of interfaces is infinite ͑e.g., much larger than the characteristic mode width͒, the different types of highly localized waves have been identified ͓21͔, and their profiles were described by approximate analytical solutions. However, until now the transitional case of moderately localized modes has not been addressed. Thus, we develop a more complete analytical description of discrete gap solitons, which can predict their properties in all the parameter regions.
In order to find approximate solutions for highly localized modes, we use the variational method. First, we have to choose the trial functions. We use the fact that in the high localization limit the tails are almost linear, so that the amplitudes decay nearly exponentially. Then, we introduce two sets of trial functions to account for different topologies ͓21͔: odd modes when the center of symmetry is located at a layer,
and even modes when the center of symmetry is located between two neighboring layers,
Here the parameters s j ϭϮ1 are introduced to describe unstaggered and staggered profiles, and tϭϮ1 to produce either untwisted or twisted modes ͑for the signs ''ϩ'' or ''Ϫ,'' respectively͒. After selecting the mode topology and fixing the values of s j and t, the unknown values U 0 , V 0 , j ( j Ͼ0) are determined by minimizing the Lagrangian corresponding to Eqs. ͑9͒. Details of these calculations will be presented elsewhere ͓25͔. Here we give a brief summary of the main results and discuss their physical consequences.
Since the system ͑9͒ possesses the symmetries ͑i͒ 1 → Ϫ 1 , s 1 →Ϫs 1 , 1 →Ϫ 1 , and ͑ii͒ 1 →Ϫ 1 , 2 → Ϫ 2 , V n →ϪV n , we consider, without a lack of generality, the case j ϭ1. The analysis shows that localized solutions exist only if s 1 1 ϽϪ2. The latter condition means that the FF component is unstaggered for 1 ϽϪ2, and staggered otherwise ( 1 Ͼ2). Similarly, we consider only the case ͉ 2 ͉Ͼ2, since for other values the localized solutions are unstable due to resonant interaction with linear waves ͓21͔.
Analyzing the linear problem, it is straightforward to see that the SH mode can be staggered only if 2 Ͼ2. Then we distinguish between two limits: ͑i͒ a strongly localized FF mode ( 1 ӷ2), when the SH consists of staggered linear tails ͓21͔, and ͑ii͒ the cascading limit ( 2 ӷ2), when the SH profile is unstaggered and can be found as V n ӍU n 2 / 2 , resulting in an effectively cubic nonlinearity for the FF wave ͓22͔ ͑see also ͓9͔͒. In the intermediate case, a transition of the SH profile between staggered and unstaggered topologies should be observed. Indeed, our variational calculations predict that the SH is staggered for 2Ͻ 2 Ͻ 22 , and unstaggered for 2 Ͼ 22 . Here, the critical parameter value depends on 1 :
for odd modes, it is found from the quadratic equation, ͱ 22 ϩ1/ͱ 22 ϭ͉ 1 ͉, and a similar relation holds for even modes ͱ 22 ϩ1ϩ1/ͱ 22 ϩ1ϭ͉ 1 ͉. The topology does not change sharply as the parameter 2 crosses the critical value SUKHORUKOV, KIVSHAR, BANG, AND SOUKOULIS PHYSICAL REVIEW E 63 016615 016615-4 22 ( 1 ), but numerical calculations confirm that such a transition occurs in a region close to the separation line. We performed numerical analysis and found that the approximate variational solutions provide close matching for the highly localized profiles, i.e., for relatively large values of ͉ j ͉. Examples of odd and even modes are presented in Figs. 4 and 5, respectively. We see that the profiles of staggered modes, supported by only a few interfaces, are described very accurately. However, for wider modes the deviations between the exact numerical and variational solutions are more pronounced, see Figs. 4͑c͒ and 5͑c͒. The limitation of the variational solution is due to the specific choice of the trial functions ͑12͒,͑13͒, which are not suitable for description of ''moderately'' localized waves with smoother profiles.
It can be demonstrated that in the continuum limit ( j →Ϫ2 Ϫ ) untwisted modes acquire the profiles of quadratic solitons ͓9͔, which can be well approximated with the sechtype functions ͓26͔. A special quasicontinuous approach, which allows one to determine the mode profiles as a soliton bound state, can also be developed. The resulting approximate solutions provide very good estimates, and they are very useful for understanding the mode scaling properties, i.e., a change from broad solitons to narrow highly localized states. On the other hand, it should be noted that the twisted modes do not exist close to the continuum limit because their profiles are intrinsically discrete due to a sharp amplitude change between the layers at the mode center. A comprehensive description of these results goes beyond the scope of the present paper and will be presented elsewhere ͓25͔.
C. Dispersion properties and band-gap structure
As we have demonstrated in the preceding section, spatially localized modes exist under the condition that linear waves do not propagate through a periodic structure, i.e., in the spectrum band gaps. In our case, such band gaps appear when the condition ͉ j ͉Ͼ2 is satisfied. To reveal the key features of the linear dispersion, we study the simple case of a delta-layer array embedded in a homogeneous bulk medium. In this case, after straightforward calculations, we obtain the following expression for the parameter j : 1 ϭϪ2 cosh͑h 1 ͒ϩ͑ ␤ 1 / 1 ͒sinh͑ h 1 ͒, ͑14͒ 2 ϭϪ2 cosh͑h 2 ͒ϩ͓␤ 2 /͑ 2 ͔͒sinh͑ h 2 ͒.
A characteristic dependence 1 ( 1 ) is presented in Fig. 6 .
The spectrum for large j corresponds to a total internal Fig. 4 . Parameter values are ͑a͒ 1 ϭ2.45, 2 ϭ4.5; ͑b͒ 1 ϭ2.45, 2 ϭ2.5; ͑c͒ 1 ϭϪ2.45, 2 ϭϪ3.
FIG. 6. Characteristic dispersion dependence 1 ( 1 ). Shading is used to show the spectrum bands. Dashed rectangle marks the region of applicability of the discrete (2) model and Eq. ͑15͒. Parameters are hϭ2, 1 ϭ0, and ␤ 1 ϭ4.
reflection. Band gaps in the linear spectrum are created by the Bragg-type reflection, and they appear at smaller values of j . Note that the width of the photonic band gaps becomes vanishingly small when j decreases.
In the earlier studies, the discrete (2) model was phenomenologically introduced and analyzed ͓20-23͔. The corresponding dispersion relations for the stationary localized modes of that model are
where A j and j (0) are constant parameters. Although the simplified dependence ͑15͒ does not describe the full bandgap spectrum of a realistic layered photonic structure such as that shown in Fig. 6 , in many cases the dispersion relation ͑15͒ has been successfully used to describe the properties of discrete localized modes close to the edges of the total internal reflection and the first photonic band gaps, shown schematically by a dashed rectangle in Fig. 6 . Analyzing the complete model of the periodic layers, we find that such an approximation is indeed possible in the limit of weakly coupled nonlinear layers, i.e., for h␤ j ӷ1 ͑note that we should consider the case ␤ j Ͼ0). For this case, the effective coefficients are found as 1 (0) ϭ 1 ϩ␤ 1 2 /4, 2 (0) ϭ 2 ϩ␤ 2 2 /(4), A 1 ϭϪ2e h␤ 1 /2 /␤ 1 2 , and A 2 ϭϪ2e h␤ 2 /(2) /␤ 2 2 . Note also that such an approximation should be valid for both FF and SH waves simultaneously, i.e., the relation ͉ 2 (0) Ϫ2 1 (0) ͉Ӷ j (0) should be satisfied. In general, the normalization coefficients for the wave amplitudes, j , also depend on the propagation constants j . However, in the limit h␤ j ӷ1 the change of these coefficients on the scale of variation of the dispersion parameters is negligible, ͉(d 1 /d 1 )/ 1 ͉ϳe Ϫh␤ 1 /2 Ӷ1 and ͉(d 2 /d 2 )/ 2 ͉ ϳe Ϫh␤ 2 /(2) Ӷ1. These results, on one hand, provide the conditions for the applicability of the so-called discrete (2) model and, on the other hand, illustrate the serious limitations of the use of such a simplified model.
IV. A SINGLE "2… NONLINEAR LAYER EMBEDDED IN A PERIODIC STRUCTURE
Let us now consider a special case in which there exists only a single nonlinear layer ͑located at x 0 ϭ0) embedded in a linear periodic structure. A similar problem has been considered in our recent paper ͓12͔ for the other case where the linear media on both sides of the nonlinear interface are uniform. In this section, we generalize those results to the case of nonuniform linear media, considering a nonlinear layer with quadratic nonlinearity embedded in a linear periodic structure. To do so, we modify the model ͑2͒ as follows: ͑i͒ nonlinear coupling terms are taken into account only for n ϭ0, and ͑ii͒ a linear response of the central layer is assumed to be different from that of other layers, i.e., we change ␤ j →␣ j ϩ␤ j at nϭ0. In connection with the preceding problem ͑see Secs. II and III͒, the case with ␣ j ϭ0 corresponds to the limit of a highly localized mode, when the mode width is much smaller than the distance between the nonlinear layers ͑see Fig. 2͒ .
Following the general approach outlined in the preceding section, we first analyze the linear properties of such a layered structure. We also use similar notations, but for a single nonlinear interface we omit the index nϭ0. From the theory of wave propagation in linear periodic media, it follows that a link between the linear-wave amplitudes can be characterized by the reflection coefficients, r j ϩ ϭb j ϩ /a j ϩ and r j
We do not assume that the linear structure is symmetric ͓in general, j (x) j (Ϫx)͔ and denote with ϩ and Ϫ the wave characteristics at the right and left boundaries of the nonlinear layer, i.e., j (x)ϭ j ϩ (͉x͉) for xϾ0 and j (x) ϭ j Ϫ (͉x͉) for xϽ0. If the linear structure is periodic, the coefficients r j Ϯ can be found by solving the following eigenvalue problems:
͑16͒
Here, T ( j,Ϯ) is the transfer matrix of one linear segment in a periodic lattice, starting on the right (ϩ) or the left (Ϫ) side of a nonlinear interface, and it can be calculated according to Eqs. ͑5͒-͑8͒. Using the fact that ͉͉T ( j,Ϯ) ͉͉ϵ1, we solve Eq. ͑16͒ and find the reflection coefficients in the form
It can be proven that all j Ϯ are real ͑see Appendix A͒. Then we see that the modes decay at infinity, i.e., ͉ ( j,Ϯ) ͉Ͻ1, only if ͉ j Ϯ ͉Ͼ2. This condition, which has already been obtained in Sec. III, defines the spectrum band gaps, where the wave propagation is prohibited for a specific range of the propagation constant j ͑see an example in Fig. 7͒ .
By applying the continuity conditions, c j ϭa j Ϯ ϩb j Ϯ , we obtain the expressions for the amplitudes at the nonlinear layer:
The band structure for ͑a͒ FF and ͑b͒ SH modes, and ͑c͒ combined band gap ͑additional narrow gaps in FF and SH spectra exist for smaller 1 , not shown͒. Areas without shading correspond to band gaps. Parameters are h Ϯ ϭ0.6, 1,ϩ ϭ0, 1,Ϫ ϭϪ6, 2,ϩ ϭ Ϫ8, 2,Ϫ ϭϪ13, and ␤ j Ϯ ϭ0.
␣ 2 ϭ␣ 2 Ϫ 2 ϩ Ϫ 2 Ϫ , and j Ϯ ϭ j Ϯ (1Ϫr j Ϯ )/(1ϩr j Ϯ ) are the effective transverse wave numbers at the right (ϩ) and left (Ϫ) boundaries of the nonlinear layer; their values are determined by the dispersion relation of the periodic linear gratings. As has been demonstrated in the preceding section, the wave numbers j Ϯ , the linear transfer matrices, and, according to Eq. ͑17͒, the reflection coefficients r j Ϯ depend on the propagation constants j , which in turn are related by the phase-matching condition 2 ϭ2 1 . Thus, for fixed physical characteristics, the localized modes constitute a one-parameter family, and we choose 1 as a free parameter. We note that inside the band gaps the coefficients 1 Ϯ are real ͑see Appendix B͒.
In order to illustrate the features of nonlinear modes, we consider a structure similar to that used in experiments on the SH generation in localized modes ͓15͔. In the experimental setup, a periodic linear structure was built of two materials with different refractive indices, characterized by the parameters j,Ϯ ϭ j (xϭ0 Ϯ ), with corresponding finite widths of the layers, h Ϯ . The nonlinear interface was created by cutting the grating in two parts and coating the interface to enhance the effective quadratic nonlinearity. Characteristics of the defect layer were controlled by adjusting the gap. An example of the band gap for such a photonic structure is presented in Fig. 7 . Note that because the linear structures on either sides of the nonlinear layer are chosen to be the same ͓up to a constant shift, in our notation j Ϫ (x)ϭ j ϩ (xϩh ϩ )͔, the corresponding gaps coincide.
Many of the properties of the localized modes can be understood by analyzing the power diagram P( 1 ). Characteristic examples of such a dependence are shown in Figs. 8͑a͒-8͑c͒. Similarly to the case of a thin layer separating two homogeneous linear media ͓12͔, there always exists a branch in the parameter region unbounded from above, for 1 larger than some critical value. Quite remarkably, the corresponding mode properties are very similar to those of quadratic solitons ͓9͔. In particular, for large values of the propagation constant 1 the power dependence P( 1 ) always has a positive slope, while for smaller 1 the slope can become negative, resulting in bistability. Such a case is demonstrated in Fig. 8͑a͒ . We found that stability of the corresponding modes can be determined by the Vakhitov-Kolokolov criterion, i.e., the localized modes are stable provided dP/d 1 Ͼ0, and unstable, otherwise.
On the other hand, the spectrum of a linear periodic structure consists of several bands. Moreover, even inside a band gap the modes cannot exist if the condition ␣ 1 ␣ 2 Ͼ0 is not satisfied. Thus, in sharp contrast with two-color parametric solitons in homogeneous media, other branches can appear for smaller values of 1 . We find that the localized mode properties can be very different compared to the modes corresponding to the right branch. For example, in Figs. 8͑b͒ and 8͑c͒, the left branches at higher intensities correspond to smaller 1 and wider profiles. This happens because the SH amplitude is negative, c 2 Ͻ0, which results in effectively self-defocusing nonlinear response. It is interesting to note that similar types of power dependencies occur for a localized impurity possessing a self-defocusing Kerr-type nonlin-earity ͓27͔, in which case the corresponding localized modes are stable. We have performed a linear stability analysis and have found that, similarly to the case of the Kerr-type nonlinearity, the Vakhitov-Kolokolov-type criterion cannot be applied to determine stability of such modes, which exist in an effectively defocusing medium. However, our calculations demonstrate that parametric resonances can lead to oscillatory instability of such modes, as illustrated in Figs. 8͑b͒ and 8͑c͒. A comprehensive analysis of the mode stability will be presented elsewhere.
The two-color parametric localized modes can be generated by launching a localized FF wave at the interface, as shown in Fig. 9͑a͒ . We have also studied the evolution of a perturbed unstable mode, which can evolve toward a stable FIG. 8 . Three types of the power dependences for two-color stationary localized modes, for different linear mismatches: ͑a͒ ␣ 1 ϭϪ1 and ␣ 2 ϭϪ1; ͑b͒ ␣ 1 ϭ10 and ␣ 2 ϭ8; ͑c͒ ␣ 1 ϭ4 and ␣ 2 ϭ6. Solid line, stable; dashed line, unstable, dotted line, oscillatory unstable. Parameters of the linear structure correspond to those in Fig.  7. state. The example in Fig. 9͑b͒ demonstrates the development of an oscillatory instability with the subsequent switching to a stable state.
V. CONCLUSIONS
We have developed a general formalism for analyzing spatially localized nonlinear modes ͑two-color discrete gap solitons͒ in periodic photonic structures with embedded quadratic ͑or (2) ) nonlinear interfaces-nonlinear quadratic superlattices. Our approach can be applied to different types of periodic linear media with isolated or periodic nonlinear interfaces, where nonlinearity can support parametric wave coupling and generation of the second-harmonic field. In the case of a nonlinear superlattice, i.e., periodically spaced thin layers possessing a quadratic nonlinear response, we have derived an effective discrete model and found two-mode discrete gap solitons of different topologies in the form of fundamental and second-harmonic fields coupled parametrically at the nonlinear interfaces.
For a single nonlinear layer embedded in a linear periodic medium, we have described a novel class of nonlinear localized defect modes-two-color photonic modes. Some of the properties of these two-color localized modes, such as stability, generation, and switching, have been shown to be remarkably similar to those of quadratic parametric solitons in homogeneous media. However, we have also discussed a number of specific properties of such modes, and demonstrated the possibility of their generation from a localized beam of the fundamental frequency, as well as switching from an unstable to a stable state.
We believe our results are important, on one hand for the theory of nonlinear photonic crystals where nonlinearities appear due to phase-matched harmonic generation, and, on the other hand for creating tunable band-gap materials where gaps could be open or closed, depending on the input intensity and phase matching.
for stationary waves in a band gap there should be no energy flow along the x axis. The corresponding restrictions follow from Eq. ͑2͒:
These conditions are satisfied when the amplitudes of the counter-propagating waves coincide, i.e. ͉r j Ϯ ͉ϭ1 provided j Ϯ is imaginary. On the other hand, for the layers with real j Ϯ the linear modes should be in phase, i.e., Im(r j Ϯ )ϵ0.
Then, it immediately follows that in a band gap the coefficients j Ϯ are real.
